ABSTRACT. Two number fields with equal Dedekind zeta function are not necessarily isomorphic. However, if the number fields have equal sets of Dirichlet L-series then they are isomorphic. We extend this result by showing that the isomorphisms between the number fields are in bijection with L-series preserving isomorphisms between the character groups.
INTRODUCTION
Kronecker [6] started a programme to characterise a number field and its extensions using only information about the prime ideals ("primes" from now on). Gaßmann ([4, p. 671-672]) showed that number fields with the same Dedekind zeta function (called arithmetically equivalent fields) need not be isomorphic. Even all local information does not suffice: Komatsu [5] gave an example of two non-isomorphic number fields with isomorphic adele rings.
Fortunately, there has also been success: the Neukirch-Uchida Theorem ([11, Satz 2] and [12, Ch. XII, §2]) states that two number fields with isomorphic absolute Galois groups are necessarily isomorphic. Uchida ([20, Main Thm.] , see also [12, Ch. XII, §2, Cor. 12.2.2]) proved later that the link between a number field and its absolute Galois group is even stronger: the automorphisms of a number field are in bijection with the outer automorphisms of the absolute Galois group. As a drawback, the structure of the absolute Galois group is, even for Q, not very well understood.
A reasonable object to consider next is the abelianized absolute Galois group. Although it is well-understood by class field theory, it lacks the capacity to uniquely determine the underlying field: Kubota ( [7, §4] ) gave a classification of the abelianized absolute Galois groups of number fields, which was used by Onabe [14] to show that there exist non-isomorphic imaginary quadratic fields with isomorphic abelianized absolute Galois groups. Stevenhagen and Angelakis ([1, Thm. 4.1]) gave an explicit form of the abelianized absolute Galois group for many imaginary quadratic fields of low class number and found that most of these groups were isomorphic.
For any number field, there exists a Dirichlet L-series of a well-chosen character of odd prime order that does not occur as a Dirichlet L-series of any other non-isomorphic number field, see [3, Thm. 10.1] , and the same holds for a pair of quadratic characters ([18, Thm. 2.2.2]). Therefore, if two number fields share all L-series for characters of a certain prime order, then they are isomorphic. However, these theorems do not provide explicit isomorphisms, hence the question arises whether or not one can link the automorphism group of a number field to its Dirichlet L-series.
The main result of this paper is that when one considers the structure of the Dirichlet character group of the absolute Galois group along with their Dirichlet L-series, then one can not only recover the underlying number field, but also its automorphism group.
Let K and K 1 be number fields, and denote by q G K rls and q G K 1 rls the l-torsion of the character groups of their absolute Galois groups. Moreover, let Iso L-series p q G K rls, q G K 1 rlsq be the set of isomorphisms ψ : q G K rls Ñ q G K 1 rls such that χ and ψpχq have the same L-series for any χ P q G K rls. We prove the following theorem:
Theorem A. Let K and K 1 be number fields, and let l be any prime number. There exists a bijection
(In subsequent sections, this map is denoted by Θ 5 .) The case l " 2 was first proven by Gabriele Dalla Torre in his unpublished PhD thesis. The idea of the construction of the map Θ is similar to the approach taken by Neukirch and Uchida: they construct a bijection of primes that preserves the decomposition groups inside the absolute Galois groups. Given a map ψ P Iso L-series p q G K rls, q G K 1 rlsq, we first derive a bijection of primes φ that is compatible with ψ. Then we show that there is an automorphism of the Galois closure of K (which also contains K 1 ) that is strongly related to ψ. As a final step we prove that the automorphism restricts to an isomorphism K " Ý Ñ K 1 . The entire process relies heavily on the Grunwald-Wang theorem (see [2, Ch. X, Thm. 5]), which allows for the creation of characters with specific values on any finite set of primes. Furthermore, we use the Chebotarev density theorem ([13, Ch. VII, §13, p. 545]) to bound degrees of extensions.
A secondary theorem we prove is that if an isomorphism between character groups induces a bijection of primes on a density one set of primes, then this bijection of primes can be uniquely extended to a bijection between all primes. Theorem B. Let K and K 1 be number fields, and let S be a set of primes of K of Dirichlet density one. Suppose there is a set S 1 of primes of K 1 and an isomorphism ψ : q G K rls Ñ q G K 1 rls with a bijective norm-preserving map φ : S Ñ S 1 such that χppq " ψpχqpφppqq for any χ P q G K rls and p P S . Then φ can be uniquely extended to a norm-preserving bijection between all primes such that χppq " ψpχqpφppqq for any χ P q G K rls and any prime p of K.
It suffices to show that under the conditions of the theorem the L-series of χ and ψpχq are the same, after which we can apply Theorem A. The main tools are Artin induction (see [13, Ch. VII, §10, Prop. 4.(iv))], which implies that the equality of L-series is equivalent to χ and ψpχq having isomorphic induced representations, and the Chebotarev density theorem, which implies that two representations of G Q are isomorphic if they have the same trace on the Frobenius elements of a (Dirichlet) density one set of the rational primes.
Theorem B can be seen as an analogue of theorems about different types of equivalence of number fields (such as arithmetical or Kronecker equivalence, [9, Ch. II & III]), see for example the Main Theorem of [17, Main Theorem] and [8, Satz 1] . Both theorems guarantee that no density zero set of "exceptional primes" can exist.
A natural follow-up question that is not considered in this paper is whether or not Theorem A can be strengthened to include not just isomorphisms, but homomorphisms between number fields.
Finally, Theorem B requires the bijection of primes to be defined on a subset of density one. We discuss a counterexample (Remark 6.15) for which the bijection of primes is defined on a set of density 1{2, but one wonders whether counterexamples exist for higher densities.
PRELIMINARIES
In this section we set up notation, introduce the main objects of study, and state some convenient lemmas.
We fix an algebraic closure Q of Q throughout the entire paper. We denote number fields by k, K, K 1 , and N , where usually N {Q is a Galois extension. We use p for the prime ideals of K (that we will call "primes"), q for the primes of K 1 , and P for the primes of N .
The set of primes of a number field K is denoted P K , and the set of primes lying over a rational prime p is denoted P K,p . Given a prime p P P K , we denote the norm of p by N p :" #`O K {p˘" p fp , where f p is the inertia degree of p. We denote the zeta function of K by ζ K .
For a field K, let G K be the absolute Galois group, K ab be the composite of all abelian extensions of K, and denote by G ab K its Galois group over K. The dual, denoted q G K , is the group of all Dirichlet characters (i.e. continuous homomorphisms) G K Ñ Cˆ. For any prime number l we denote by q G K rls the subgroup of q G K generated by characters of order l. Denote by 1 K P q G K the trivial character. We use the following convenient notation from combinatorics: if P pT q is a polynomial, denote by rT n sP pT q the coefficient of T n of P pT q.
Dirichlet characters.
Associated to every Dirichlet character χ P q G K is a unique finite cyclic extension K χ {K of degree equal to the order of χ such that χ factors through GalpK χ {Kq. Let p be a prime of K unramified in K χ {K and let Frob p be the Frobenius element in GalpK χ {Kq. We set χppq :" χpFrob p q. If p is a prime of K that ramifies in K χ {K, we set χppq " 0.
Throughout the paper we will be concerned with the existence of characters with certain properties (mainly with prescribed values at specific primes). For our purposes, the question of whether or not such characters exist is answered by the Grunwald-Wang theorem [2, Ch. X, Thm. 5]. It states the following: let p 1 , . . . , p n be primes of K, and let K p i be the localization of K at p i . For any 1 ď i ď n, let m i be an integer and let χ i P q G Kp i rm i s. Then, aside from a special case that occurs only when m :" lcmpm 1 , . . . , m n q is divisible by 4, there exists a character χ P q G K rms such that χpp i q " χ i pp i q. We do not use the Grunwald-Wang theorem in its full generality; the following lemma suffices.
Lemma 2.1. Let K be a number field and S " tp 1 , . . . , p s u a finite set of primes of K. Let l be a prime number, and let ζ 1 , ζ 2 , . . . , ζ s be l th roots of unity. Then there exists a character χ P q G K rls such that χpp i q " ζ i for all 1 ď i ď s.
Proof. Any of the K p i has an unramified Galois extension N of degree l obtained by adjoining a pN p l i´1 q th root of unity. Therefore there exists a local character χ i that factorises through GalpN {K p i q such that χ i pp i q " ζ i . The existence of χ, along with its order, is now guaranteed by the Grunwald-Wang theorem.
The L-series of a Dirichlet character.
Definition 2.2. Associated to any Dirichlet character χ P q G K is an L-series Lpχ, sq, defined by
We define L p pχ, T q " 1´χppqT fp , so that
The L-series can also be written as an infinite series:
with a n P C. Lpχ, sq " Lpχ 1 , sq ðñ rn´ssLpχ, sq " rn´ssLpχ 1 , sq for all n P N, where rn´ssLpχ, sq denotes a n in the representation (1). Lastly, we remark that the L-series of the trivial character is the Dedekind zeta function of the number field.
MAIN THEOREM
The main theorem establishes bijections between the following four sets of isomorphisms:
holds for all characters χ P q
such that there is a set S Ď P K of primes of density one and an injective norm-preserving map φ : S Ñ P K 1 such that for any p P S and any χ P q G K rls the equality χppq " ψpχqpφppqq holds.
Theorem 3.2. Let l be any prime number. There exist injective maps
such that Θ 1 and Θ 3˝Θ2 are mutual inverses, and Θ 4 and Θ 5 are mutual inverses. As a result, the sets of isomorphisms are all in bijection.
The remainder of the article is structured as follows. Section 4 can be seen as a "nuts and bolts" section on isomorphisms between character groups. Maps Θ 1 , Θ 2 , and Θ 3 are all the identity map, and their properties are proven in Section 5, while Section 6 deals with maps Θ 4 and Θ 5 . Map Θ 4 does not require difficult techniques as any isomorphism of fields
along with a bijection of primes. Map Θ 5 requires significantly more work: the main idea is to first find an automorphism of the Galois closure of K with properties concerning the bijection of primes attached to any element of Iso P p q G K rls, q G K 1 rlsq. We then show that this automorphism restricts to an isomorphism K " Ý Ñ K 1 .
ISOMORPHISMS BETWEEN CHARACTER GROUPS
The aim of this section is to show that any isomorphism ψ P Iso P p q G K rls, q G K 1 rlsq is characterised by its associated bijection of primes.
there is a unique bijection of primes φ :
Proof. Indeed, let φ 1 and φ 2 be bijections P K Ñ P K 1 such that
for any p P P K and χ P q G K rls, and suppose for a certain primep P P K that φ 1 ppq ‰ φ 2 ppq. By Lemma 2.1 there exists a χ 1 P q G K 1 rls such that χ 1 pφ 1 ppqq " 1 and χ 1 pφ 2 ppqq ‰ 1. Then
is an immediate contradiction.
Lemma 4.2. Let ψ P Autp q G K rlsq be an automorphism such that ψpχqppq " χppq for all χ P q G K rls and all p in a density one subset of the primes of K. Then ψ is the identity.
Proof. Consider the character ψpχqχ´1. By assumption, pψpχqχ´1qppq " 1 for a density one set of primes, hence a density one set of primes splits completely in the extension K ψpχqχ´1 {K. By the Chebotarev density theorem rK ψpχqχ´1 : Ks " 1, implying ψpχq " χ.
Proof. Apply the previous lemma to ψ 1 ψ´1 2 .
MAPS
We prove that the three maps Θ 1 , Θ 2 , and Θ 3 of Theorem 3.2 can all be chosen as ψ Þ Ñ ψ. This establishes a bijection between the three sets. Each of the following subsections deals with one of the maps.
The map Θ 1 . This is a triviality: the conditions imposed on elements of Iso P p q G K rls, q G K 1 rlsq are stronger than those imposed on elements of Iso δ
The map Θ 2 .
We answer affirmatively the question whether or not two Dirichlet L-series can be distinguished by almost all of their local factors.
Theorem 5.1. Let K and K 1 be number fields. Let S Ď P K be a subset of Dirichlet density one, and let S 1 Ď P K 1 . Suppose there exists an bijective norm-preserving map φ : S Ñ S 1 . Let χ P q G K , and assume there exists a character χ 1 P q G K 1 such that χppq " χ 1 pφppqq for any p P S . Then Lpχ, sq " Lpχ 1 , sq.
Before we prove this theorem, we show that it implies the existence of the map Θ 2 with the desired properties:
is well-defined and injective.
Proof. If ψ P Iso δ P p q G K rls, q G K 1 rlsq, then for any χ P q G K rls there is a set S Ď P K of density one and an injective norm-preserving map φ : S Ñ P K 1 such that for all p P S χppq " ψpχqpφppqq.
By the theorem, Lpχ, sq " Lpψpχq, sq.
For the proof of Theorem 5.1 we use the following: let Ind χ and Ind χ 1 be the induced representations of χ and χ 1 from G K to G Q and G K 1 to G Q respectively. The idea of the proof is to show that Ind χ and Ind χ 1 have the same trace on a density one subset of the rational primes; the Chebotarev density theorem then implies that the induced representations are isomorphic, and Artin induction states that Lpχ, sq " Lpχ 1 , sq. We will see that trpInd χpFrob p" trpInd χ 1 pFrob pfor all rational primes p such that φ bijects the primes of norm p of K and K 1 . Hence the main task is to show that the set S Ď P Q , defined as the set of rational primes p for which ‚ for all p P P K,p we have p P S ; and ‚ for all q P P K 1 ,p we have q P S 1 , has density one in the rational primes. The following lemma takes the first step by showing that S 1 has density equal to that of S .
Lemma 5.3. Let K and K 1 be number fields. Let S Ď P K and S 1 Ď P K 1 . Suppose there is a norm-preserving bijection φ : S Ñ S 1 , and assume that S has a Dirichlet density δpS q in the primes of K. Then the density of S 1 in P K 1 exists and equals δpS q.
Proof. Let s P C with Repsq ą 1. By [10, Ch. 7, §2, Cor. 1], we have for s Ñ 1 that ř
The same holds for ř pPP K 1 N q´s. As S has Dirichlet density δpS q, we have
Moreover, as φ is a norm-preserving bijection
As a result
We turn to the proof of the theorem.
Proof of Theorem 5.1. By Lemma 5.3 the Dirichlet density of S 1 in P K exists and equals one. We show that S has Dirichlet density one in the set of rational primes. Define the following sets of primes
T " tp P P Q : D p P P K with norm p such that p R S u,
We can write S " P Q´p T Y T 1 q, hence it suffices to show that both T and T 1 have density zero. By definition of T , for any p P T there is a p P T of norm p, thus for any s P C with Repsq ą 1 we have ÿ Because S and S 1 have Dirichlet density one, both T and T 1 have Dirichlet density zero. It follows that
Therefore the Dirichlet density of T exists and equals 0. Similarly, the density of T 1 is zero as well. We conclude that the density of S exists and is equal to 1.
Let N be a Galois extension of Q containing both K χ and K 1 χ 1 . Denote
Lpχ, sq " ÿ nPN a n n s , and 
χppq, and similarly a
If p P S, then φ bijects the primes of K and K 1 of norm p, and therefore
As S has density one, the desired result holds.
Corollary 5.4. Let K and K 1 be number fields. Suppose S Ď P K is a subset of Dirichlet density one, and S 1 Ď P K . Suppose there is an bijective norm-preserving map φ : S Ñ S 1 . Then K and K 1 are arithmetically equivalent, i.e. ζ K " ζ K 1 .
Proof. Let 1 K be the trivial character of K, and 1 K 1 the trivial character of K 1 . Then for any p P S we have
, sq we conclude that K and K 1 are arithmetically equivalent.
The map Θ 3 .
We show that to any element ψ P Iso L-series p q G K rls, q G K 1 rlsq we can attach a norm-preserving bijection of primes φ : P K Ñ P K 1 , which shows that the map Θ 3 can be defined as ψ Ñ ψ. For the remainder of this section, suppose there exists an isomorphism ψ : q G K rls Ñ q G K 1 rls such that Lpχ, sq " Lpψpχq, sq for all χ P q G K rls. The following definition and lemma allow us, in order to construct φ, to focus only on primes that lie over the same rational prime.
Definition 5.5. Let χ P q G K and let p a prime. The local factor at p is
The equality Lpχ, sq " Lpχ 1 , sq holds if and only if
for all rational primes p.
Proof. The "if" part is clear as
As L p pχ, p´sq is a polynomial in p´s and all L p pχ, p´sq have constant coefficient equal to 1, we have rp´j s sLpχ, sq " rp´j s sL p pχ, p´sq´1
for any rational prime p and any j P N.
. Hence K and K 1 have the same number of primes lying over every rational prime. Let p be a rational prime and let p 1 , . . . , p n be the primes of K lying over p, and q 1 , . . . , q n the primes of K 1 lying over p.
Lemma 5.6 asserts that L p pχ, T q " L p pψpχq, T q for any χ P q G K rls, which reads
where f i is the inertia degree of p i and f 1 j is the inertia degree of q j . Note that the order of zero at T " 1 on the left hand side is equal to the number of primes p over p at which χppq " 1, while on the right hand side it equals the number of primes q lying over p for which ψpχqpqq " 1. This equality proves the following lemma.
Lemma 5.7. Let χ i P q G K rls be any character that has value ζ l " expp2πi{lq on p i and value 1 on all other primes lying over p. The character ψpχ i q has value 1 on all primes of K 1 lying over p except at a single prime.
Using the characters χ 1 , . . . , χ n we define a map φ : P K,p Ñ P K 1 ,p , where φpp i q is the unique prime lying over p at which ψpχ i q does not have value 1.
Lemma 5.8. The map φ is norm-preserving and we have ψpχ i qpφpp i" ζ l " χ i pp i q for any 1 ď i ď n.
Proof. By definition of χ i we have
The trivial character 1 K has a similar local L-series at p:
Expanding both products, we see in particular that
We obtain a similar equality on the side of K 1 . Let f 1 φpp j q be the inertia degree of φpp j q. Then by Lemma 5.7
we find by combining (2) and (3) that f i " f 1 φpp i q (thus φ is norm-preserving) and ψpχ i qpφpp i" ζ l " χ i pp i q.
Lemma 5.9. The map φ : P K,p Ñ P K 1 ,p has the property that χppq " ψpχqpφppqq for all χ P q G K rls and p P P K,p . In particular φ is independent of the choice of the characters χ i . Moreover, φ is a bijection.
Proof. Let 1 ď i ď n and let χ P q G K rls be any character of order l. By definition of χ i , we have that χχ i ppq " χppq for any p P P K,p unequal to p i . This implies that the order of zero at T " 1 of L p pχ, T q and L p pχχ i , T q differs by at most one, and this difference can be attributed entirely to the values of χ and χ i at p i . Similarly by Lemma 5.7, ψpχqpqq " ψpχχ i qpqq for all q | p except a single prime φpp i q. Therefore the difference in the order of zero at T " 1 depends only on the values of ψpχq and ψpχ i q.
Assume χpp i q ‰ 0. We distinguish two cases for the value of χpp i q: ‚ Suppose χpp i q " 1. Then χχ i pp i q " ζ l , hence the order of zero at T " 1 of L p pχχ i , T q is one lower than the order of zero of L p pχ, T q at T " 1. The same must therefore hold for L p pψpχχ i q, T q and L p pψpχq, T q, hence ψpχqpφpp i" 1. ‚ Suppose χ is unramified at p i , and χpp i q ‰ 1. Then χpp i q is an l th root of unity. Let k be such that χpp i q´1 " ζ k l " χ i pp i q k . Then χχ k i pp i q " 1, while χχ k i ppq " χppq for all p ‰ p i lying over p. Thus the order of zero at T " 1 of L p pχχ k i , T q is one higher than L p pχ, T q. The same therefore holds for L p pψpχχ k i q, T q and L p pψpχq, T q. Hence ψpχχ k i qpφpp i" 1, which combined with Lemma 5.8 shows that ψpχqpφpp i" ψpχ i qpφpp i qq´k " ζ´k l " χpp i q.
This shows that χppq " ψpχqpφppqq for all p lying over p and all χ P q G K rls, provided that χppq ‰ 0.
We now show that φ : P K,p Ñ P K 1 ,p is a bijection. As K and K 1 have the same number of primes lying over p, it suffices to show φ is injective. Let p i , p j P P K,p such that φpp i q " φpp j q. The character χ i has value ζ l at p i , hence ψpχ i q has value ζ l at φpp i q by the first part of this proof. However, χ i has value 1 at all primes in P K,p other than p i , hence
We end this proof by showing that if χ is ramified at p i , then ψpχq is ramified at φpp i q. Suppose χ is ramified at p i , i.e. χpp i q " 0. Then χχ i ppq " χppq for all p P P K,p , hence
Thus we have L p pψpχq, T q " L p pψpχχ i q, T q. We already know that ψpχqpφppqq " ψpχχ i qpφppqq for any p P P K,p unequal to p i , hence ź
As φ is a bijection P K,p Ñ P K 1 ,p it follows from this equality combined with the equality
we have that ψpχqpφpp i" ψpχχ i qpφpp i qq. As ψpχχ i qpφpp i" ζ l¨ψ pχqpφpp i qq, we conclude that ψpχqpφpp i" 0.
This shows there is a norm-preserving bijection φ : P K Ñ P K 1 such that for all χ P q G K rls and p P P K we have ψpχqpφppqq " χppq.
Hence Θ 3 : ψ Þ Ñ ψ is a well-defined injective map. This establishes the bijections Θ 1 , Θ 2 , and Θ 3 . We end this section with a corollary of the proven result.
The associated norm-preserving injection of primes φ : S Ñ P K 1 can be extended uniquely to a bijection of primes φ : P K Ñ P K 1 for which ψpχqpφppqq " χppq for all χ P q G K rls and p P P K .
Proof. If φ extends to a bijection P K Ñ P K 1 , we know it extends uniquely by Lemma 4.1. Following maps Θ 2 and Θ 3 , we see that
, there is a norm-preserving bijection φ 1 : P K Ñ P K 1 such that for any χ P q G K rls and any p P P K we have χppq " ψpχqpφ 1 ppqq.
We show that φ 1 extends φ in a manner similar to Lemma 4.1. Let p P S , then ψpχqpφppqq " χppq " ψpχqpφ 1 ppqq for any χ P q G K rls. If φppq ‰ φ 1 ppq, then by Lemma 2.1 there exists a character χ 1 P q G K 1 rls such that χ 1 pφppqq " 1 and χ 1 pφ 1 ppqq ‰ 1. We obtain a contradiction by setting χ " ψ´1pχ 1 q.
MAPS Θ 4 AND Θ 5
In this section we construct a bijection between IsopK, K 1 q and Iso P p q G K rls, q G K 1 rlsq. The majority of the section is devoted to the map Θ 5 : it is constructed by first moving to the Galois closure, finding a suitable automorphism of this Galois closure, and then showing that this restricts to an isomorphism K " Ý Ñ K 1 . Elements of IsopK, K 1 q and Iso P p q G K rls, q G K 1 rlsq come equipped with a bijection of primes, and they are uniquely determined by this bijection of primes (see Corollaries 4.3 and 6.3). To show that Θ 4 and Θ 5 are mutual inverses, we prove that both maps (after being defined) "preserve the bijection of primes", that is, we show that the bijection of primes associated to an element is the same as the bijection of primes of the image of this element under either Θ 4 or Θ 5 .
The map Θ 4 . Any field isomorphism σ : K " Ý Ñ K 1 has an associated bijection of primes P K Ñ P K 1 , also denoted by σ. Furthermore, σ induces an isomorphism of Galois groups G ab
Ý Ñ G ab K given by conjugation with any τ : K ab " Ý Ñ`K 1˘a b that is an extension of σ (the map is independent of the choice of τ ). By dualizing we obtain a map
Let χ P q G K rls be any character. Restricting τ to K χ gives an isomorphism K χ " Ý Ñ K ψσpχq . Hence χ is ramified at p P P K if and only if ψ σ pχq is ramified at σppq. Let p P P K be a prime at which χ is unramified. Let Frob p P GalpK χ {Kq be the Frobenius element at p and let Frob σppq P GalpK 1 ψσpχq {K 1 q be the Frobenius element at σppq. The aforementioned map G ab
Frob p . As a result, for any p P P K and χ P q G K rls we have ψ σ pχqpσppqq " χppq. Thus
, with corresponding bijection of primes σ : P K Ñ P K 1 . This proves the following corollary:
for any χ P q G K rls and p P P K .
Define the map Θ 4 by σ Þ Ñ ψ σ . We prove that it is injective.
Lemma 6.2. Let K{k be an extension of number fields, σ P AutpK{kq, and p a prime that lies over a totally split prime in k. If σppq " p, then σ is the identity.
Proof. We first consider the case where K{k is Galois. The action of GalpK{kq on the primes of K lying over p X k is transitive. Moreover, #GalpK{kq " rK : ks equals the number of primes lying over p X k, thus an automorphism of K is uniquely determined by the image of p. For the general case, denote by N the Galois closure (over k) of K. As p X k is totally split in K, it is totally split in all of the Galois conjugates of K{k, whose union is N . Thus p X k is totally split in N as well. Let τ be any extension of σ to N , and let P be any prime lying over p. As σppq " p, τ permutes the primes lying over p. This implies that there exists a τ 1 P GalpN {Kq such that τ τ 1 pPq " P, as GalpN {Kq acts transitively on the primes lying over p. By the previous paragraph, τ τ 1 is the identity. As τ 1 P GalpN {Kq, we conclude that τ P GalpN {Kq, hence σ is the identity. The map Θ 5 . To show the existence of the map Θ 5 , we prove the following theorem: Theorem 6.5. Let ψ : q G K rls Ñ q G K 1 rls be an isomorphism and φ : P K Ñ P K 1 be a bijection of primes such that ψpχqpφppqq " χppq for all χ P q G K rls and p P P K . Then there exists a σ ψ P IsopK, K 1 q such that the bijection of primes induced by σ ψ equals φ. Moreover, the map Θ 5 defined by ψ Þ Ñ σ ψ is an inverse to the map Θ 4 .
The entire section is devoted to the proof of this theorem. If the conditions of the theorem hold, then K and K 1 are isomorphic by [3, Thm. 10.1] . Hence it suffices to show the theorem in the case that K " K 1 .
The approach is as follows: let N be the Galois closure of K over Q. We show that there is a σ P GalpN {Qq that "agrees" with φ on many primes (this is made more precise in Definition 6.7), and that this σ restricts to an automorphism of K. Finally, we check that ψ σ " ψ. This approach is motivated by the following lemma, which makes a descent from N to K possible, purely based on a condition on the primes: Lemma 6.6. Let N {Q be a Galois extension, and K a subfield of N . Let σ P GalpN {Qq, p be any rational prime that is totally split in N , and fix a prime p | p of K. Suppose that σpPq X K is independent of the choice of P | p. Then σ restricts to an automorphism of K.
Proof. Letp :" σpPq X K. By assumption, σ maps any prime of N lying over p to a prime of lying overp. Because p is totally split in N {Q, both p andp split into rN : Ks primes in N . Therefore σ bijectively maps the primes lying overp to the primes lying over p.
Let τ P GalpN {Kq and consider the action of σ´1τ σ on the primes of N lying over p. If P is any prime lying over p, then pτ σqpPq lies overp, hence by the previous paragraph pσ´1τ σqpPq lies over p. Therefore σ´1τ σ permutes the primes lying over p. As p is totally split in N , an element in GalpN {Qq is uniquely determined by the image of P, and furthermore GalpN {Kq acts transitively on the primes lying over p. This implies that σ´1τ σ P GalpN {Kq. Hence we find GalpN {σ´1Kq " σ´1GalpN {Kqσ Ď GalpN {Kq, and thus σ´1K " K.
The idea of σ agreeing with φ is made precise by the following definition: Definition 6.7. Let σ P GalpN {Qq and P a prime of N lying over p, a prime of K. We say that σ follows φ at P if σpPq lies over φppq.
The following lemma states that there is a σ that follows φ on a significant part of the primes of N . Lemma 6.8. There exists a σ P GalpN {Qq such that the set P σ :" tP P P N : f P " 1 and σ follows φ at Pu has positive density in the primes of N .
Proof. The primes of inertia degree 1 are a subset of density one of the primes of N . As N {Q is Galois, GalpN {Qq acts transitively on the primes lying over p. In particular, for any prime P | p there exists a σ such that σpPq | φppq. Hence ď σPGalpN {Qq P σ is the entire set of primes of N with inertia degree 1 and thus form a set of density one. Moreover because GalpN {Qq is finite, there must exist a σ for which the set P σ has positive density, in fact the density will be at least 1{rN : Qs.
For the remainder of this section, we fix σ to be the element of GalpN {Qq found in the previous lemma. In order to relate this automorphism of N to the character group q G K rls, we introduce a map q G K rls Ñ q G N rls that is "almost injective", which allows us to study the action of σ on the characters.
Remark 6.10. The extension N ιpχq {N associated to ιpχq is the composite of fields N and K χ , hence the (finite) kernel of ι consists precisely of the characters χ such that K χ Ď N . As l is a prime number, N ιpχq {N is an extension of degree either 1 or l. If P is a prime of N such that χ is unramified at p :" P X K, then ιpχqpPq " χppq rF P :Fps . In particular, if p splits completely in N {K, then ιpχqpPq " χppq.
Lemma 6.11. The map
where ψ σ is defined as in (4), has finite image. As a result, its kernel has finite index.
Proof. Denote the density of P σ by δ. For every prime in P σ we have that σ follows φ, i.e. if P P P σ and P | p, then σpPq | φppq. Let χ P q G K rls be any character, and let P P P σ such that χ is unramified at p :" P X K. As P and therefore σpPq have inertia degree 1, p and φppq split completely in N {K. By Remark 6.10 we have ιpψpχqqpσpPqq " ψpχqpφppqq " χppq " ιpχqpPq " ψ σ pιpχqqpσpPqq. thus αpχqpσpPqq " 1, i.e. σpPq splits in the extension associated to the character αpχq. Note that as P σ has density δ, so does σ`P σ˘, e.g. by Lemma 5.3.
We now argue by contradiction: suppose the image contains infinitely many characters. Choose infinitely many different θ 1 , θ 2 ,¨¨¨P q G N rls in the image of α. Denote by N θ i the extension associated to θ i . The composite of all N θ i is an infinite extension of N , as only finitely many (different) characters can factor through a finite Galois group. Therefore there is an n P N such that the composite M " N θ 1 N θ 2 . . . N θn (which is Galois over N ) is of degree larger than 1{δ over N . Each of these characters ramifies at finitely many primes, hence for any 1 ď i ď n the character θ i has value 1 on all but finitely many primes of σ`P σ˘. This implies that there is a density δ subset of the primes of N such that every prime in this set splits completely in each of the extensions N θ i {N . Hence all these primes also split completely in M {N , and by the Chebotarev density theorem we have rM : N s ď 1{δ, which is a contradiction.
The finite index subgroups of q G K are large in the sense that they contain many characters of a specific form, as made precise by the following definition and lemma.
Lemma 6.16. The automorphism σ P GalpN {Qq restricts to an automorphism of K.
Proof. By Lemma 6.6 it suffices to prove that σpPq X K is independent of the choice of P | p. We prove this by showing that σpPq X K " φppq.
The kernel of the map α of Lemma 6.11 has finite index. Hence, by Lemma 6.13, there exists a rational prime p that splits completely in N such that for any p P P K,p there exists a character χ p P X p such that χ p P kerpαq, i.e. (5) ψ σ pιpχ p" ιpψpχ p qq.
We fix this p throughout the proof. Let p be any prime of K lying over p. By construction, the character χ p has value 1 on all primes lying over p except p, hence ψpχ p q has value 1 on all primes lying over p except φppq.
By (5) and Remark 6.10 we have the following chain of equalities:
ψpχ p qpσpPq X Kq " ιpψpχ p qqpσpPqq " ψ σ pιpχ p qqpσpPqq " ιpχ p qpPq " χ p ppq.
The value of χ p ppq is unequal to 1 by construction, hence ψpχ p qpσpPq X Kq ‰ 1. However, ψpχ p q has value 1 on all primes lying over p except φppq, hence we conclude that σpPq X K " φppq.
The final step in the proof is to show that σ induces ψ. The composite map q
is the map α described in Lemma 6.11, hence has finite image. As the second map has finite kernel by Remark 6.10, the first map must have finite image as well. This implies that the kernel of the map χ Þ Ñ ψ σ| K pχq{ψpχq, which is precisely tχ : pψ σ| K ψ´1qpχq " χu, is of finite index in q G K rls. By Corollary 6.14 we know that ψ σ| K ψ´1 is the identity.
Corollary 6.17. The bijection of primes induced by σˇˇK equals the bijection of primes φ.
Proof. As ψ´1 σ| K ψ is the identity, we know that ψ σ| K " ψ. Hence they induce the same bijection of primes P K Ñ P K . The result follows since the bijection of primes associated to ψ is φ, and the bijections of primes associated to σˇˇK and ψ σ| K are the same by Corollary 6.1.
Denote the isomorphism σˇˇK : K " Ý Ñ K obtained from ψ via this construction by σ ψ . We obtain a map Θ 5 : ψ Þ Ñ σ ψ .
Proof of Theorem 6.5. The first part of the theorem follows from Corollary 6.17. To show that ψ Þ Ñ σ ψ is the inverse of the map Θ 4 , we first prove injectivity. Suppose we have ψ 1 , ψ 2 with corresponding bijections of primes φ 1 and φ 2 respectively such that σ :" σ ψ 1 " σ ψ 2 . But then φ 1 " φ 2 by Corollary 6.17. It follows from Corollary 4.3 that ψ 1 " ψ 2 .
Let σ P IsopK, K 1 q. The element σ ψσ has the same bijection of primes as σ by Corollaries 6.1 and 6.17. Then σ " σ ψσ by Lemma 6.2.
The injectivity of Θ 5 now guarantees that it is a (two-sided) inverse of Θ 4 .
